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Flutter Margin Evaluation for Discrete-Time Systems
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A � utter prediction method using a new parameter is proposed, and its effectiveness is examined by numerical
and experimental analysis. In this method, the aeroelastic system is identi� ed as the autoregressive movingaverage
(ARMA)model from the randomresponse of a wing excited by � ow turbulence, so thatno special excitationdevice is
needed. The new parameter is based on a stability test for discrete-time systems and is calculated algebraically from
the autoregressive coef� cients of the estimated ARMA model. Numerical calculation using a two-dimensionalwing
model shows that the parameter decreases almost linearly toward zero with increasing dynamic pressure. This is a
superior property as a � utter predictor in comparison with damping coef� cients and the stability parameter used
conventionally.The method is applied to supersonic wind-tunnel � utter test data to examine the validity in actual
data analysis.The results obtained under different test conditionsdemonstrate the advantageof the present method
for an accurate and reliable � utter prediction. Moreover, an analytical consideration reveals that the calculated
values of the proposed parameter are nearly equal to that of the � utter margin introduced by Zimmerman and
Weissenburger (Zimmerman, N. H., and Weissenburger, J. T., “Prediction of Flutter Onset Speed Based on Flight
Testing at Subcritical Speeds,” Journal of Aircraft, Vol. 1, No. 4, 1964, pp. 190–202).

Nomenclature
A0– A3 = coef� cients of discrete-time characteristic equation
CL® = lift curve slope
e.k/ = white noise
F = � utter margin
Fz = new � utter prediction parameter
fi = frequency of the i th mode
M = Mach number
P0– P3 = coef� cients of characteristic equation
q = dynamic pressure
qF = dynamic pressure at � utter boundary
OqF = predicted value of qF

s = complex variable used in the continuous-timesystem
si = characteristic root of the i th mode
T = sampling interval
y.k/ = sampled response of a wing
y.t/ = response of a wing
z = complex variable used in the discrete-time system

z¡1 y.k/ D y.k ¡ 1/
zi = discrete-time characteristic root of the i th mode
´i = damping coef� cient of the i th mode
µ = vector of the autoregressivemoving average

coef� cients
Oµ = the maximum likelihood estimate of µ

Superscript

¤ = complex conjugate

Introduction

B ECAUSE � utter causes serious damage to an aircraft, � ight
� utter tests are conductedto con� rm the � utter boundaryspeed

Presented as Paper 98-1724 at the 39th Structures, Structural Dynamics,
and Materials Conference, Long Beach, CA, 20–23 April 1998; received 5
January 1999; revision received 7 August 2000; accepted for publication 10
August 2000. Copyright c° 2000 by the American Institute of Aeronautics
and Astronautics, Inc. All rights reserved.

¤Associate Professor, Department of Business Management, Tempaku.
Member AIAA.

†Professor, Department of Aerospace Engineering, Chikusa. Member
AIAA.

at the � nal stage of the developmentprocess.The tests are generally
conducted at subcritical speeds to avoid structural damage, and so
the � utter speedhas to be predictedfrom thebehaviorof some stabil-
ity criterion estimated against the � ight speed or dynamic pressure.
Therefore, it is quite signi� cant for a reliable � utter prediction cri-
terion to estimate the stability boundaries as accurately as possible.

Conventionally, the damping ratio of the critical mode has been
used as the most common index of a � utter stability margin, and a
lot of work has been directed to the accurate evaluation of modal
damping.1¡4 However, the estimation of modal damping is so sen-
sitive to noise and error that it is dif� cult to obtain accurate and
reliable data from � ight tests. Furthermore, for an explosive type
of � utter, the damping parameter shows no sign of instability up
to the neighborhood of the critical speed. Thus, it is important to
obtain a more suitable parameter for a better � utter prediction. In
line with such a viewpoint, Zimmerman and Weissenburger5 in-
troduced an alternative parameter called � utter margin, which is
based on Routh’s stability test and calculatedusing frequenciesand
modal dampings of coupling modes evaluated for a binary � utter
case. The � utter margin decreases much more gradually with the
increaseof dynamic pressure than the damping of the critical mode.
The analytical consideration using a bending– torsion wing model
with quasi-steady aerodynamics shows that the � utter margin is
expressed as a quadratic function of dynamic pressure. These are
quite advantageous properties for the � utter prediction. Price and
Lee6 have attempted the extension to trinary � utter.

Currently, measurement and analysis of test data are generally
performed on a digital computer,where sampled data are processed
to de� ne the characteristics of the systems. System identi� cation
gives powerful and useful procedures to construct a linear discrete-
time model, known as an autoregressive moving average (ARMA)
model, from a random response of a wing excited by � ow turbu-
lence. Therefore, no special device of impulsive or sinusoidal ex-
citation is needed in the � utter testing. The ARMA model consists
of autoregressive(AR) terms of measurement, that is, a linear com-
bination of the present and the � nite number of past data, and the
moving average (MA) of white noise. The AR part corresponds to
the characteristic polynomial of the system and gives information
on stability.

As a suitableapproachfor using with system identi� cationproce-
dures,Matsuzaki and Ando7 proposeda stabilityparametermethod,
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where a new � utter prediction index called a stability parameter
is introduced. The stability parameter is based on Jury’s8 stability
analysis for the discrete-timesystem and is calculated algebraically
from the identi� ed AR coef� cients.We have shown that the stability
parameter is a more effective index for the � utter prediction than
modal damping through numerical and experimental studies.7;9¡11

Furthermore, the possibility of the real-time evaluation of the sta-
bility parameter for nonstationary systems is demonstrated in con-
junction with recursive identi� cation techniques.12 However, with
the increase of dynamic pressure, the stability parameter does not
show gradual variation as the � utter margin does.

In this paper, a new � utter prediction parameter effectively ap-
plicable to the model obtained by system identi� cation and having
superior characteristicsto the existingparameters is proposed.Ana-
lytical considerationis performed to obtain the relationshipbetween
the new parameter and dynamic pressure. At � rst, numerical analy-
sis on a two-dimensionalwing is performedto examine the behavior
of the parameter and to show the advantageof the parameter in com-
parison with the modal damping and the stability parameter. Next,
the present method is applied to supersonic wind-tunnel � utter test
data to check its validity in a practical situation. The estimation of
the parameter is conducted under different settings, and the results
are compared with existing methods.

Flutter Prediction Method
In this section, a new � utter prediction method is proposed. The

method consists of two parts: 1) identi� cation of the aeroelastic
system with an ARMA model from sampled data and 2) calculation
of the � utter prediction parameter using the estimated AR coef� -
cients. Only a binary � utter case is considered here. Therefore, the
dynamics are expressedby the fourth-ordercharacteristicequation.

Identi� cation of System Dynamics

Because a wing is continuously excited by the turbulence of
an airstream, the response of the wing y.t/ can be regarded as a
random vibration. Therefore, data sampled at a constant interval
T; fy.kT /; k D 1; 2; : : : ; N g, are considered to be a sequence of
random variables. In the following, fy.kT /g is written simply as
fy.k/g. In system identi� cation a random sequence is considered
to be described by an AR or an ARMA model. In this study the
sampled data fy.k/g is identi� ed with an ARMA model:

®.z¡1/y.k/ D ¯.z¡1/e.k/ (1)

where

®.z¡1/ D 1 C ®1z¡1 C ¢ ¢ ¢ C ®nz¡n

¯.z¡1/ D 1 C ¯1z¡1 C ¢ ¢ ¢ C ¯m z¡m

In the following, the ARMA model in which the order of ®.z¡1/
and ¯.z¡1/ are n and m, respectively, is denoted as ARMA(n; m).
Here, the coef� cients µ D f®1; : : : ; ®n ; ¯1; : : : ; ¯mg, and the order n
and m are unknown and are to be determined from fy.k/g.

The estimation of µ is obtained by

Oµ D arg max
µ

L.µ/ (2)

where

L.µ/ D
1

¡p
2¼¾

¢N
exp

(
¡

1

2¾ 2

NX

k D 1

µ
®.z¡1/

¯.z¡1/
y.k/

¶2
)

is a likelihood function. This is known as the maximum likelihood
(ML) method.13 The maximization of L.µ/ in Eq. (2) is iteratively
evaluated. To determine the best order of the ARMA model, the
Akaike’s information criterion (AIC)

AIC D ¡2 log[L. Oµ/] C 2.n C m C 1/ (3)

is evaluated, and the combination of n and m that gives a minimum
AIC is desirable.

Equation (1) means that the current value of y.k/ consists of the
linear combination of the � nite number of earlier measurements
and a white noise sequence as external forces. The AR part, the
left-hand side of Eq. (1), therefore, expresses the system dynamics
and corresponds to the following characteristic polynomial in the
discrete-time domain:

G.z/ D zn C ®1zn ¡ 1 C ¢ ¢ ¢ C ®n ¡ 1z C ®n (4)

As mentioned,the orderof Eq. (1) shouldbe determinedby the AIC,
but for the data that include M vibrationmodes, the order of the AR
part should be set to n D 2M . Here, the extra frequency is � ltered
out to include only the two coupling modes that cause � utter. In the
present case, a fourth-order characteristicpolynomial

G.z/ D z4 C ®1z3 C ®2z2 C ®3z C ®4 (5)

should be estimated.

New Flutter Prediction Parameter

As a result of the ML estimation, the system dynamics related to
� utter is expressed by Eq. (5). Here we rewrite Eq. (5) as follows:

G.z/ D A4z4 C A3z3 C A2z2 C A1z C A0

D A4.z ¡ z1/.z ¡ z2/.z ¡ z3/.z ¡ z4/; A4 > 0 (6)

where z3 D z¤
1 and z4 D z¤

2 .
The stability of the discrete-time systems can be checked by the

absolute value of the characteristic roots, that is, the stability con-
dition of the system is that all of the characteristic roots are located
within a unit circle in the Gauss plane (Fig. 1). If the characteristic
polynomial is known, however, the stability can be veri� ed from the
coef� cients without solving the characteristicroots. Jury’s determi-
nant method8 is one such stability test and is given in the Appendix.

By the applicationof Jury’s method to Eq. (6), the system is stable
if and only if all of the following conditions are satis� ed:

G.1/ D A4 C A3 C A2 C A1 C A0 > 0 (7)

G.¡1/ D A4 ¡ A3 C A2 ¡ A1 C A0 > 0 (8)

FC.1/ D A4 C A0 > 0 (9)

F¡.1/ D A4 ¡ A0 > 0 (10)

F C.3/ D det.X3 C Y3/ > 0 (11)

F ¡.3/ D det.X3 ¡ Y3/ > 0 (12)

Fig. 1 Typical loci of characteristic roots.
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where

X3 D

2

4
A4 A3 A2

0 A4 A3

0 0 A4

3

5 ; Y3 D

2

4
A2 A1 A0

A1 A0 0

A1 0 0

3

5

The aeroelasticsystem is stable at low speeds and becomes unstable
due to � utter at a certain higher speed. At the � utter speed one of
the parameters (7–12) becomes zero. The important point is which
parameter among them is critical for � utter. Because F ¡.n ¡ 1/ for
an nth order system is expanded using the characteristic roots as
Eq. (A6) in the Appendix, the corresponding parameter F¡.3/ for
the present case can be expressed by

F ¡.3/ D A3
4

4Y

i; j D 1
i < j

.1 ¡ zi z j /

D A3
4j1 ¡ z1z2j2

­­1 ¡ z1z¤
2

­­2¡
1 ¡ jz1j2

¢¡
1 ¡ jz2j2

¢
(13)

This means that F ¡.3/ becomes zero at the � utter boundary,where
either jz1j D 1 or jz2j D 1 is satis� ed, because the third or fourth
factor of the last equation becomes zero. Consequently, F¡.3/ can
be used as the � utter predictor. It is also true for the system of more
than two modes that F ¡.n ¡ 1/ gets to zero at the � utter speed. In
the stability parameter method,7 F¡.n ¡ 1/ is called the stability
parameter and is utilized for the � utter prediction.

Though the stability parameter is a better index for � utter predic-
tion than the modal damping, its behavioragainst dynamic pressure
is inferior to the � utter margin. To overcome this drawback, the
authors propose the use of a new � utter prediction parameter de-
� ned by

Fz D
F¡.3/

F ¡.1/2
D det.X ¡ Y /

.A4 ¡ A0/2
(14)

This is applicable for two-mode systems.
Note that Eq. (14) has no singularity in q · qF . Because F¡.1/

is expressed as

F¡.1/ D A4

¡
1 ¡ jz1j2jz2j2

¢
(15)

and the loci of roots aredepictedschematicallyin Fig. 1, it is obvious
that F ¡.1/ > 0 for q < qF because both jz1j and jz2j are less than
1. At q D qF , except for the improbable case in which both modes
become critical simultaneously, a pair of roots reaches on a unit
circle (jz1j D 1) and another pair is still located within a unit circle
(jz2j < 1) so that F¡.1/ > 0 . Therefore, F¡.1/ > 0 for q · qF , that
is, the denominator of Eq. (14) does not become zero.

Because the numerator of Eq. (11) is the stability parameter
F¡.3/, Fz has the following property:

»
Fz > 0 for q < qF

Fz D 0 for q D qF

The � utter boundary is predicted as the dynamic pressure at which
Fz becomes zero.

Analytical Consideration
For a bending– torsion model with quasi-steady aerodynamics,

the � utter margin F is expressedas a quadratic functionof dynamic
pressure5:

F D C2

¡
CL®

q
¢2 C C1

¡
CL®

q
¢

C C0 (16)

This is an outstanding property that the other parameters used for
predicting the � utter boundary do not have. In this section, an ana-
lytical considerationfor the new parameter Fz is attempted to obtain
the basic properties and the relationship with dynamic pressure.

Suppose that the characteristic equation of a two-degree-of-
freedom system is given by

s4 C P3s
3 C P2s

2 C P1s C P0 D 0 (17)

The exact transform between the continuous-and the discrete-time
system for the property of Fz in conjunction with Eq. (17) is too
complicated to consider. Hence, we use the Tustin transformation
(see Ref. 14),

sn D f.2=T /[.z ¡ 1/=.z C 1/]gn (18)

which is an easy and simple method used to obtain the counterpart
expression of a continuous-time system approximately. Then the
approximate discrete-time characteristic equation is expressed by

A4z4 C A3z3 C A2z2 C A1z C A0 D 0 (19)

where

A4 D 1 C P3.T=2/ C P2.T=2/2 C P1.T=2/3 C P0.T=2/4 (20)

A3 D ¡4 ¡ 2P3.T=2/ C 2P1.T=2/3 C 4P0.T=2/4 (21)

A2 D 6 ¡ 2P2.T=2/2 C 6P0.T=2/4 (22)

A1 D ¡4 C 2P3.T=2/ ¡ 2P1.T=2/3 C 4P0.T=2/4 (23)

A0 D 1 ¡ P3.T=2/ C P2.T=2/2 ¡ P1.T=2/3 C P0.T=2/4 (24)

By the substitutingof Eqs. (20–24) into Eq. (14), Fz is expressedas

Fz ¼
T 4

¡
¡P2

1 C P1 P2 P3 ¡ P0 P2
3

¢

£
P3 C P1.T=2/2

¤2
(25)

If the sampling interval T is small, the higher-order terms of T are
negligible. Hence, Eq. (25) is approximated by

Fz ¼ T 4
£
¡.P1=P3/

2 C P2.P1=P3/ ¡ P0

¤
(26)

The � utter margin for Eq. (17) is de� ned by

F D ¡.P1=P3/
2 C P2.P1=P3/ ¡ P0 (27)

Hence, Eq. (26) means

Fz ¼ T 4 F (28)

that is, Fz is nearlyequal to the � utter margin except for the constant
multiplier. For the same model used in Ref. 5, therefore, Fz can be
approximated by a quadratic function of q :

Fz ¼ T 4
£
C2

¡
CL®

q
¢2 C C1

¡
CL®

q
¢

C C0

¤
(29)

Because some approximationsare introduced to derive Eq. (28), it
is not possible for Fz to be equal to the � utter margin. However,
Fz is expected to behave in a similar manner to that of the � utter
margin.

Comparison with Existing Methods
In this section, the more realistic behavior of Fz is studied us-

ing numerical analysis of a bending– torsion wing (Fig. 2) with
unsteady incompressible aerodynamics and is compared with the
modal damping ´1 and the stability parameter F ¡.3/. The con� gu-
ration of the wing model is the same as in Ref. 10: !h D 50 rad/s,
!® D 100 rad/s, a D ¡ 0:4, and x® D 0:2. An aerodynamicpressure
load is derived from Theodorsen’s theory. Eigenvalue analysis for
the resulting equations of motion gives the characteristic roots of
this aeroelastic system.

Suppose that the characteristic roots of two dynamic modes are
describedby si ; i D 1; 2. Then the modal damping values are calcu-
lated by

´i D ¡.Re si =jsi j/ (30)
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Fig. 2 Two-dimensional wing model.

Fig. 3 Modaldampingand stability parameterof the two-dimensional
wing model.

The characteristic polynomial in the discrete-time domain is ob-
tained by

G.z/ D
2Y

i D 1

.z ¡ zi /
¡
z ¡ z¤

i

¢

D A4z4 C A3z3 C A2z2 C A1z C A0; A4 D 1 (31)

where zi is the discrete-time characteristic root that is transfor-
med by

zi D exp.si T / (32)

Here the sampling interval was set to T D 0:01 s. The stability pa-
rameter F¡.3/ and the present parameter Fz are evaluated from the
coef� cients of Eq. (31). The modal damping is also calculated from
zi by

´i D ¡. jzi j=j zi j/ (33)

which gives the same value as Eq. (30).
Figure 3 shows the value of ´1 and F¡.3/ plotted against nor-

malized dynamic pressure q=qF . The damping ´1 increases up to
q=qF D 0:8 and then starts to decrease rapidly toward zero, whereas
F¡.3/ starts to decrease at around q=qF D 0:5. This means that the
� utter tests should be conducted in the range of q=qF > 0:8 for ´1

and q=qF > 0:5 for F ¡.3/.
As shown in Fig. 4, the parameter Fz decreases almost linearly

in the entire subcritical dynamic pressure and is obviously a more
effectiveindex for the � utter predictionthan ´1 and F¡.3/ described
in Fig. 3. This result suggests that a linear � tting for Fz gives a
reasonablepredictionof the � utter boundary, though Fz was shown
to be approximatedby a quadraticequationin the precedingsection.

For reference, the � utter margin was evaluated by Eq. (27) using
the characteristicpolynomial:

G.s/ D
2Y

i D 1

.s ¡ si /
¡
s ¡ s¤

i

¢
D s4 C P3s3 C P2s2 C P1s C P0 (34)

Fig. 4 Parameter Fz of the two-dimensional wing model.

Fig. 5 Flutter margin of the two-dimensional wing model.

Fig. 6 Planform of the swept-back wing model.

and is depicted in Fig. 5. When compared to Fig. 4, it is clear that
the behavior of Fz is quite similar to that of the � utter margin F .
The order of the ratio Fz to F is

O.Fz=F/ ¼ 10¡8

which coincides with the order of T 4 as expressed in Eq. (28).

Application to Wind-Tunnel Experiment
To ascertain the practical applicability of the proposed method,

the supersonic wind-tunnel � utter testing data were analyzed.
Figure 6 illustratestheplanformof a swept-backwing model,which
is made of aluminum alloy � at plate of 2-mm thickness. The re-
sponse was measured by strain gauges attachedon both sides of the
wing. The Mach numberwas � xed at M D 2:51 for all tests. The sta-
tionary tests were conductedat 11 dynamicpressuresfrom q D 75:7
to 99.4 kPa. A sampling interval T was set to 2 ms. The number of
data used for parameter estimationwas N D 6000. According to the
AIC, ARMA(4,3) was selectedas the model to be identi� ed. Flutter
occurs due to the coupling of the � rst and second modes.
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Fig. 7 Flowchart of � utter prediction.

Fig. 8 Modal frequencies of the lowest three modes and cutoff fre-
quencies of � lter.

Figure 7 describes the � ow of data processing. The signal mea-
suredon the wing is digitizedto be a time seriesby an A/D converter.
The digitaldata are then processedto eliminate low-frequencynoise
and higher modes using a digital � lter. As a result of � ltering, the
data includeonly the lowest two modes. Then the data are identi� ed
with theARMA model, in which the coef� cientsare estimatedby the
ML method. Here, the MATLAB® System Identi� cation Toolbox
is used to estimate the ARMA coef� cients. The � utter boundary is
predictedby a linear� tting to Fz as evaluated.Accordingto Eq. (29),
Fz should be � tted by a quadratic curve, but there is a possibility
of giving a meaningless prediction when the range of q is not wide
enough to obtain a quadratic equation. On the other hand, as shown
in Fig. 4, the curve of Fz against q is almost linear. Therefore, a
linear � t is considered to be reasonable for the present case.

The setting of a � lter in� uences the estimation of the parameters
as well as the choice of sampling interval and model structure.Gen-
erally, the adjustmentof such conditions is very important to obtain
an accurate estimation.As a � rst case of the analysis, the bandwidth
of a � lter was adjusted adaptively according to the modal frequen-
cies, that is, the cutoff frequenciesof the lower and the higherbound
were set to

fL D f1 ¡ 16:5; fH D f2 C 16:5

given in hertz, where f1 and f2 are the � rst and second modal fre-
quencies estimated at each dynamic pressure. These are the same
settings used in Ref. 9. The lowest three modal frequencies and
the cutoff frequencies are depicted in Fig. 8. Figures 9–11 describe
the estimated results of the modal dampings ´1 and ´2 , the sta-
bility parameter F¡.3/, and the parameter Fz , respectively. The
symbol £ indicates the actual � utter boundary, qF D 113:5 kPa,
observed experimentally. As shown in Fig. 9, the modal damping

Fig. 9 Estimation results of ´1 and ´2 using a � lter with adjusted
bandwidth; [fL , fH] = [f1 ¡ 16:5, f2 + 16:5], hertz.

Fig. 10 Estimation results of F¡ (3) using a � lter with adjusted band-
width; [fL, fH] = [f1 ¡ 16:5, f2 + 16:5], hertz.

Fig. 11 Estimationresults ofFz usinga � lterwith adjusted bandwidth;
[fL , fH] = [f1 ¡ 16:5, f2 + 16:5], hertz.

Fig. 12 Estimation results of ´1 and ´2 using a � lter with � xed band-
width; [fL, fH] = [40, 150], hertz.

gives no useful information on the critical dynamic pressure. On
the other hand, Figs. 10 and 11 show that F¡.3/ and Fz decrease
monotonously toward zero with increasing dynamic pressure. The
critical dynamic pressures predicted by a linear � tting to F¡.3/
and Fz were OqF D 116:2 kPa (errorD C2%) and OqF D 108:5 kPa
(errorD ¡4%), respectively.

In an online data analysis, the best setting of a � lter is unknown
in advance. As a second case, therefore, the cutoff frequencies of
the bandpass � lter were � xed to fL D 40 and fH D 150 Hz for all
analyses. Figures 12 and 13 show that the results of both ´i and
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Fig. 13 Estimationresults ofF¡ (3)using a � lter with � xed bandwidth;
[fL , fH] = [40, 150], hertz.

Fig. 14 Estimation results of Fz using a � lter with � xed bandwidth;
[fL , fH] = [40, 150], hertz.

F¡.3/ are quite different than those of the earlier cases and do not
give a respectable prediction of � utter under this condition. These
parametersarevery sensitiveto the changeof � lter setting.As shown
in Fig. 14, however, the estimated values of Fz are similar to the
earlier result depicted in Fig. 11. On a linear � tting, Fz gives the
� utter prediction of OqF D 110:0 kPa (errorD ¡3%).

Conclusions
The authorsproposeda new� utterpredictionparameterFz ,which

is de� ned for discrete-time systems and is convenient for coping
with system identi� cation algorithms. An analytical consideration
showed that the calculatedvaluesof Fz are nearlyequal to that of the
� utter margin introduced by Zimmerman and Weissenburger5 and
were expressedas a quadratic functionof the dynamicpressure for a
bending–torsion wing model with quasi-steadyaerodynamics.The
numerical analysis of a wing with unsteady incompressible aero-
dynamic forces showed that Fz varied almost linearly toward zero
with the increaseof dynamicpressurein the whole subcriticalrange,
which is similar in behavior to the � utter margin,whereas the damp-
ing coef� cient and the stabilityparameterstart to decreaseat around
80 and 50%, respectively,of the � utter boundary dynamic pressure.
Therefore, Fz is advantageous for an effective and reliable � utter
prediction compared with modal damping and the stability param-
eter. The application to supersonic wind-tunnel � utter testing data
showed that the presentmethod gave an accurate and reliable � utter
predictionregardlessof the � lter setting,which had a great in� uence
on the estimationof the modal dampingsand the stabilityparameter.

In the present de� nition, the parameter Fz is not applicable for
more than two modes, and so the stability parameter F¡.2M ¡ 1/
should be used for M -modes systems (M > 2). However, if all but a
couple of modes that cause � utter can be eliminated by a bandpass
and a bandstop� lter, this method will be applicableto such systems.

Appendix: Jury’s Determinant Method
A discrete-timesystem is stable if and only if all of the character-

istic roots are located inside a unit circle in the Gauss plane. Jury’s
determinant method8 judges the stability of a discrete-time system
based on the characteristicpolynomial without solving the roots.

Suppose that the characteristicequation of the discrete-timesys-
tem is given by

G.z/ D Anzn C An ¡ 1zn ¡ 1 C ¢ ¢ ¢ C A1z C A0 (A1)

where n is an even number.Then the necessaryand suf� cient condi-
tions that the system is stableare that all of the followingparameters
are positive:

G.1/ D An C An ¡ 1 C ¢ ¢ ¢ C A1 C A0 (A2)

G.¡1/ D An ¡ An ¡ 1 C ¢ ¢ ¢ ¡ A1 C A0 (A3)

FC.k/ D det.X k C Yk / .k D 1; 3; : : : ; n ¡ 1/ (A4)

F¡.k/ D det.X k ¡ Yk / .k D 1; 3; : : : ; n ¡ 1/ (A5)

where Xk and Yk are k £ k matrices whose elements consist of the
coef� cients of Eq. (A1):

X k D

2

4
An ¢ ¢ ¢ An ¡ k C 1

0
: : :

:::

0 0 An

3

5 ; Yk D

2

4
Ak ¡ 1 ¢ ¢ ¢ A0

:::
¢¢¢ 0

A0 0 0

3

5

Among these parameters, F¡.n ¡ 1/ can be expressedby means of
characteristic roots as follows15:

F¡.n ¡ 1/ D An ¡ 1
n

Y

i < j

.1 ¡ zi z j / (A6)

Therefore, F ¡.n ¡ 1/ becomes zero whenever any pair of complex
conjugate characteristic roots reaches a unit circle, that is, the sta-
bility boundary.
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